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Transient Analysis of Single and Coupled
Lines with Capacitively-Loaded Junctions

QIZHENG GU anp JIN AU KONG, FELLOW, IEEE

Abstract — Transient processes are studied for a single line or a pair of
coupled linés consisting of line sections with different characteristic admit-
tances and with capacitances loaded at the junctions of line sections.
Equations for the Laplace transform of the reflection and transmission
coefficients of single and coupled lines are derived for the general case.
When the capacitances are loaded at regular intervals, the corresponding
expressions of the transient response waveforms at different terminal ports
of these lines for both a step and a ramp input are developed. Based on the
theoretical analysis, we illustrate the transient responses to ramp signals on
some simplified computer signal lines, such as parallel-plate lines with
transverse ridges, and parallel striplines with perpendicular crossing strips
sandwiched between common upper and lower ground planes. The numeri-
cal results suggest that signals with a rise time of 7, < 50 ps will cause too
much distortion, and should not be used when the length of the line is
longer than 2 cm.

I. INTRODUCTION

N FIG. 1, WE illustrate an idealized and simplified

model for signal transmission lines in a compact module
of high-performance computers. As described in [1], the
signal transmission lines are embedded in a dielectric and
sandwiched between two conductive reference planes.
Generally, these signal lines are separated into layers run-
ning in orthogonal directions. Signal lines in different
layers are connected through vertical conductors called
vias. The presence of the crossing strips and the vias causes
the original signal lines to be loaded capacitively at certain
intervals and the characteristic impedance of the signal
lines to vary periodically. These effects give rise to cross-
talk and distortion of signals propagating along the trans-
mission line.

The transient analysis of transmission-line systems can
be treated in the frequency domain in conjunction with
transform techniques. Barnes [2] made use of the Fourier
transform to analyze the impulse response of a uniformly
coupled line system. Malaviya and Singh [3] investigated
the propagation delay of an incident wave propagating
along a uniform transmission line loaded capacitively at
regular intervals. In terms of transform approaches, the
propagation properties of a picosecond pulse on a disper-
sive transmission line [4] and the impulse response of a
nonuniformly coupled line system [5] have been studied.
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The transient analysis of a passive microwave system has
also been carried out directly in the time domain [6]-[11].
For the transmission-line configurations shown in Fig. 1,
we shall use the expanded form of the reflection and
transmission coefficients in these systems and their Laplace
transforms to study the transient processes, generalizing
the method used by Malaviya [3]. In the analysis, we
assume that the transmission-line parameters, such as the
characteristic admittance Y, propagation velocity v, and
discontinuity capacitance C,, etc., are independent of
frequency over the frequency range of interest, and that
influences between adjacent discontinuities are neglected.

II. TRANSIENT ANALYSIS FOR
CAPACITIVELY-LOADED LINES

A generalized equivalent circuit of a single line with the
configuration in Fig. 1 is depicted in Fig. 2, where Y]
(i=0,1,2,- - -, n+1) are the characteristic admittances of
different line sections, some of which result from the
crossing strips or other perturbations. In Fig. 2, C, (i=
0,1,-- -, n) are the equivalent lumped capacitances of dis-
continuities in the line, and /, (i=0,1,2,-.-,n+1) is the
length of each line section.

The Laplace transform of the reflection coefficient I" at
the input port has the following form:

V.(s)
T =—
)=y
n m—1
=T+ 2 Dpomrs I (Te ki1 Ths1,e)
m=1 k=0
m
exp| —2s5 3, Tk)
k=1
m-—1 n
1+ Z Z I‘l+1,lrj,/+1
1=0 y=1+1
J=1 J
H (Tk,k+1Tk+1,k)'eXP(_2S Z 'Tk)
k=1+1 k=1+1
m—1 n j_l n

+ }:1 Z Z Z I‘t+1.1rj,j+1rp+l.prq,q+1

1=0 y=1+1 p=0g=p+1

-1 g-—1

H (Tk,k+1Tk+1,k) I—.[ (Tk,k+1Tk+1,k)
k=p+1

k=141

J

-2s| X

k=1+1

ey

q
T, + Z Tl [+
k=p+1

-exp

0018-9480 /86,/0900-0952$01.00 ©1986 IEEE



GU AND KONG: ANALYSIS OF SINGLE AND COUPLED LINES

-~ —7
////7 ////
P Eis
-z
Z
e
gl

(a)

Fig. 1.
ot -yt
vr Yo Y ]'Yz‘[ \ ]‘YfLYs
G0 G C GG
I
Roely
Ti2e—
Fig. 2.
where
Y—sC —-Y
r _ i g i+ 1 )
1+1 Y,'+SCI+YI+1 ( )
b _YamsG-v
+1.0 YI+SCI+Y1+1 = 1,1+1—2Y1 (3)
sC, l, 4
"Tyssery,, " @
T 1+T 21, (5
=]+ _—
1+1,: Li+1 X+SC,+}/I+1 )
2Y
T ,,,=1+T, =——11 6
1+l 1+1,: )’I+SCI+K+1 ( )

and v, is the signal propagation velocity on the ith line
section. The double subscript (i,i+1) denotes that the
corresponding coefficient from the (i +1)th section to the
ith. For instance, T ., is the reflection coefficient for the
signal reflected back into the ith section from the (i,i +1)
interface and T}, , is the transmission coefficient from the
ith to the (i +1)th section. On the right-hand side of (1),
Iy, is the reflection coefficient at the first discontinuity,
the single summation term includes all the contributions
from the reflections at the other discontinuities in the line,
and the multiple summation terms represent the contribu-
tions of undergoing multiple reflections coming out from
the input port. Equation (1) contains only those contribu-
tions generated through an odd number of reflections. The
exponential factors in this equation express the time delays
of the different reflections appearing at the input port. We
should also mention that the product series will be equal to
1 when the upper limit of it is less than the lower limit.
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Transmission-line configurations under consideration.
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A generalized equivalent circuit.

Similarly, the transmission coefficient T(s) for the sig-
nal at the output port relative to that at the input port is

T(s) = I:;Jut((;))
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where the parameters have the same meaning as those in
(1). It comprisés the contributions of the signals directly
passing through the line and undergoing an even number
of reflections between discontinuities before coming out
from the output port. -

In many practical situations, the above line configura-
tion is a periodic structure consisting of two kinds of
transmission-line sections and some capacitances loaded at
regular intervals, where

Y Yn+1

n—1
Y, =Y,= =Yy k=1~2’3""-T
Lh=ly=-- =l
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L=1,= =1/,
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The reflection coefficient T, ,,, and the transmission coef-
ficient T, ,,,, therefore, can be simplified into the follow-
ing forms:
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In this case, using the inverse Laplace transform, we can
obtain analytic expressions of the transient response
waveforms for the reflection and transmission of some
forms of signals. For a ramp signal with rise time ¢, and
amplitude V, , the reflected and transmitted signals have
the following forms:
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U(t) is the step function with an unit amplitude, P(xn, x)
is the incomplete gamma function, and [# /2] denotes the
integer part of n /2. The detailed expressions of (16) and
(17) and their derivations are given in Appendix A. The
expressions for the transient response of the reflection and
transmission of a step signal are also presented in the same
appendix.

For the case of a pair of coupled lines capacitively-loaded
as shown in Fig. 3, we can make use of the even- and
odd-mode method and the Laplace transform to analyze
their transient responses. In general, we may develop the
equivalent circuits for the odd- and even-modes of the
capacitively-loaded coupled lines as illustrated in Fig. 4.

Comparing Fig. 4 with Fig. 2, we find that they have
similar configurations; hence, the formulas for single lines
are still valid here except for corresponding changes in
parameters, such as, admittances Y, (i=1,2), and the
discontinuity capacitances C, are to be replaced by Y>°
and C,, .. Assuming the transient responses of the reflec-
tion and transmission in the odd- and even-mode circuits
of Fig. 4 to be VR*(¢) and V2°(¢), we write the output
waveforms from each terminal port in Fig. 3 as

Vi(e) =3[Vs()+ V(1)) (18)

Vo(2) =3[Vi() = V2(1)] (19)

Vi(1) =4[Vs(e) + V3 (0)] (20)
and

V(1) =3[Vi(0) - vp(1)] (21)

where V2°(¢) and V3°(¢) are given by (16) and (17) (or
(A15) and (Al6)), with suitable parameters Y,, . and C,, .

10,¢

for a ramp input, or by (A6) and (A7) for a step input.
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III. ANALYSIS OF A PARALLEL-PLATE TRANSMISSION
LINE WITH TRANSVERSE RIDGES

We now make use of the results and formulas presented
in the above sections to deal with the transient response of
a parallel-plate line with periodical transverse ridges as
depicted in Fig. 5. We consider the equivalent circuit to
consist of two kinds of lines with different characteristic
admittances together with discontinuity capacitances at
junctions. The equivalent circuit of this line configuration
is shown in Fig. 6.

The capacitance per unit length of a parallel-plate trans-
mission line with width w and height b is approximated as,
follows [13]:

2
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where K is the complete elliptic integral of the first kind,
and a=2/In(4/7) = 8.2794. Hence, the characteristic ad-
mittances Y; and Y, in Fig. 6 are

e
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where

b, i=1
”"{b—do, i=2.

The discontinuity capacitance C,; at the junction of two
parallel-plate line sections with different admittances has

(24)
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Fig. 5. A parallel-plate line with transverse ridges.

the following expression [14]:
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In our case, the maximum term (» =1) in the summation
of the above equation is less than 1.6 percent of the first
two terms on the right-hand side when the frequency is
below 100 GHz. The higher order (n > 2) terms decay very
rapidly because of the 1/n3 factor. The summation associ-
ated with the higher order modes can therefore be ne-
glected. The discontinuity capacitance becomes frequency
insensitive
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1 1-y
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where v, is the speed of light in free space, and
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=_— 25b
=0 (25b)

The approximate expressions for the Laplace transform
of the reflection and transmission coefficient take the form
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Fig. 7. The transient response for n =10 to a step input.

and
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These are the special cases of (Al) and (A2) in Appendix
A. The corresponding time-domain waveforms for the step
or ramp signal are given by (A6) and (A7) or (A15) and
(A16), provided that Ty, = 0 in those expressions.

Now we illustrate the transient processes on a parallel-
plate of length /=15.375 cm for n=10 in Fig. 5. In the
following calculations, we shall neglect the small changes
of the lengths of the line sections due to the capacitive
discontinuities. The remaining parameters are

w=30mm b=06mm d,=02mm
[,=05mm /[,=0.125mm ¢,=10.0.

When the line is terminated with the characteristic imped-
ance of the corresponding parallel-plate line at both ends
and the input signal is a step function with ¥, =10, the
waveforms of the reflected and transmitted signals on this
line are as shown in Fig. 7. From this figure, we see that
the waveform of the reflected signal has a very large
negative pulse at the beginning, and subsequently oscil-
lates. The large negative pulse is caused by the first capaci-
tive discontinuity, and its amplitude equals (— V). The
maximum fluctuation range of the reflection waveform is
from —3.935 to 4.615. The transmitted waveform also
contains decaying oscillations. Its maximum and minimum
values are 12.882 and 6.773, respectively.
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When the input signal is a ramp function with a finite
rise time 7,, the transient response for ¢, = 50 ps and 10 ps
are as presented in Figs. 8 and 9. For 7,=50 ps, the
maximum value of the reflected signal ¥, is —1.030, and
the rise time (measured at 90 percent of the signal ampli-
tude) of the signal after it has passed through the line
increased by approximately 2.3 ps. When the rise time
becomes smaller, the waveform of the reflected signal
increases rapidly in amplitude, and at the same time, the
transmitted waveform deteriorates. For a smaller number
of ridges with smaller ridge heights, both the reflected and
transmitted waveforms will be improved.

IV. ANALYSIS OF COUPLED LINES WITH
CROSSING STRIPS

For coupled lines with crossing strips, we employ the
odd- and even-mode transmission lines as shown in Fig.
10. When there is no crossing strip, the odd- and even-mode
admittances Y7, can be obtained from the corresponding
capacitances C, . [12]. In this case, the phase velocities
U1,,c Of the odd- and even-mode are equal

Uo

= (26)

The crossing strips cause variation of the odd- and
even-mode capacitance of the coupled lines. Their affect

Ulo,e =0V~
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Fig. 10. The transverse sections of the even- and odd-mode transmission lines with crossing strip.

Magnetic

with crossing strip. ---- Electric field line without crossing strip. (a) Even mode. (b) Odd-mode.

on the corresponding odd- and even-mode inductance L
[1] is negligible. Hence, the characteristic admittance Y, .
and the phase velocities v,, . of the coupled-line section
with the crossing strip can be related to those of the
coupled-line section without the crossing strip as follows
(see Appendix B):

Y20,e = ao,eylo,e (27)
UZo,e = vlo,e/ao,e (28)
and
C20,e
Ay = Cra . (29)

The discontinuity capacitances C,, . at the junctions of
the two-line sections can be approximately estimated by
means of (25) by modeling a stripline as a parallel-plate
line with an effective width [15]. We use

\/—e—r(clo.e - C20,e/2)

Y
1207

. (30)

and
_ (hy+hy)—dge

= 31
yo,e 2(h2+h3) ( )
2(C10,e - C2o,e/2)(h2 + h3)
dge = 2 (32)
20,¢

When the formulas given in Section II are used to
develop the transient response waveform at each port of
the coupled lines, the following formulas should be taken
into account:

Ylo,e(1 + ao,e)

alo,ez Cdo,e
a _ Ylo,e(l—'ao,e)
2o,e .~
' Cdo,e
2
_ 4(Ylo,e) (1_ao,e)
dO.e— C;‘
i) 1-(-1)""*
G2~ [—‘“2 ](Tf”e+ )+ — 1

Q1= (=17 ) ape+ (14 (- 1)) rpe]
'Tlo"a = ll/Ulo,e =\/;ll/l)0

0,e _ —
) _12/U2o.e_12ao,e/vlo,e'
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Fig. 11. The transient response at each port of coupled lines with

matched terminals to a ramp input having ¢, =5 p.

We then employ the formulas (A15), (A16), and (18)—(21)
to obtain the output transient waveform at each terminal
port of the coupled lines with crossing strips.

Fig. 11 gives the transient responses of a pair of conven-
tional coupled lines with matched terminals and the fol-
lowing parameters:

wi=w,=0125mm w,=0375mm ¢,=10.0

h,=02mm h,+h;=04mm and 1=2.875 mm

where w, and w, are the widths of the transmission-line
strips, w, is the distance between the inside edges of two
adjacent transmission line strips, €, is the relative permit-
tivity of the medium filled in the lines, and / is the length
of the coupled region. From this figure, we see that the
unwanted output is the contra-directional coupling pulse
V, at terminal port 2.

The presence of the crossing strips will obviously affect
the transient processes of a digital signal traveling on a
signal line as seen from the numerical results shown in
Table I and Figs. 12-14. These results were obtained based
on the calculation of a coupled-line system having the
same configuration parameters as the foregoing except it is
comprised of crossing strips suspended midway between
transmission-line strips and the upper ground plate.

In Table I, we list our results and the data calculated
according to (8) and the table in [1}. The table shows that
the results from these two methods agree well. This con-
firms indirectly the validity of the various approximations
used to estimate the capacitances. It should be emphasized



958 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-34, NO

TABLEI
COMPARISON OF THE RESULTS AND THOSE FROM [1]
F 1

l7Contra-dlrectlonal Coupling Co-directional Coupling
t, £ Average* Reference {1] Pulse Avg ¥ Reference [1i
(ps) (mm) Amplitude Eq 8(a) and Table 1 Amplhtude Eq 8(b) and Table 1
10 2.875 0 3080 0 2947 2 2948 mvahd
50 2875 03071 0.2947 13021 12750
100 2 875 03110 02947 06643 06373
500 2875 : 03072 0.2947 01288 01275

¥ The average value 1s the mean of the amphitude m the plateau part of the waveform excluding
the front and back edges In [1], eqn 8(a) 15 the average value of the near end noise, and eqn 8(b)
15 vahd only when the difference 1 propagation delay along the coupled region of two modes 1s less
than the rise time ¢,.
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that this method can describe a transient process in detail,
and is not restricted by the length of the coupled region
and the rise time of signals as in [1].

When the length of [ of the coupled region is extended
and the corresponding number » of crossing strips is also
increased, the unwanted signals, such as the reflection ¥,
contra-directional coupling V,, and co-directional coupling
V,, will obviously increase. As is evident from Fig. 14,
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Fig. 14 The transient responses at each port of coupled lines with 25
crossing strips to a ramp input having #, = 5 ps.

when [ and » are increased, the reflection and contra-
directional coupling waveform will exhibit strong oscilla-
tions. The amplitude of the co-directional coupling pulse
not only depends on the rise time of the signals but also on
the length of the coupled region. For instance, when the
same ramp signal with rise time 10 ps passes through lines
having length equal to 12.875 mm and 25.375 mm, the
corresponding amplitudes of the ¥, pulse are, respectively,
—3.14 and —5.49. It leads us to conclude that, for the
present compact package, the above line configurations
cannot be reliably used to propagate signals with rise time
shorter than about 50 ps over a distance of 10 mm or
more.

V. CONCLUSIONS

The method developed here can be successfully applied
to the analysis of the transient process in a single transmis-
sion line capacitively-loaded at regular intervals and in
coupled lines with capacitive obstacles. The obvious ad-
vantage of this method is that it enables us to obtain many
important features of the transient process in the line
system, without solving the cumbersome differential equa-
tions directly. Utilizing this method, we have analyzed two
simplified models of signal transmission in a compact
module of high-performance computers. The results of the
analysis point out that the presence of the crossing strips
in the multi-layer packaging configuration will cause seri-
ous reflections of the propagating signal on the original
signal line, and a considerable co-directional and contra-
directional coupling on the nearby lines when the rise time
of the propagating signal decreases and/or the length of
the signal line increases. Based on these, we are able to
estimate the limit to the rise time of the signals propagat-
ing in the line. Although in the analysis we assume that the
characteristic parameters are frequency-independent, the
results are still-reliable because the dispersion effects are
certainly of secondary importance over the frequency range
of interest.
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APPENDIX A
DERIVATION OF THE TRANSIENT RESPONSE EXPRESSIONS FOR THE PERIODIC STRUCTURE
LOADED CAPACITIVELY

When conditions (8) are satisfied, the circuit of Fig. 2 becomes a periodic structure with loaded capacitances.
Substituting (9)—(15) into (1) and (7), respectively, we obtain

m—1

d n—1
I(s)=Ty+ Z m+1(— ) exp(—2s'r[,,/2])

(s+ al)

T Toexp (— 2ST[m/2]) {1 + T

(s+ al)

n—ls+(=1)a d 't Ls4+(=1)""a d noed
+ It (-1)'a; 2 exp( 257[1/2])+r01z - ) 2
1 osta (s+ay) =1 sta (s+a1)
mo1 ol (s+(=1)"a,)(s+(=1)a,
’CXP(_st[(n—i)/z])“' X X ) 2 )
1=1 j=1+1 (s+a1)
d J—1—1
N exp(—2sm,_pnm)t " Al
((s+a1)2 ( (s )/2]) } ( )
and
(n-1)/2 d n—1
T(s) =TT | /= exp(— s, 14T —— exp(—2s7,
10401 (s+a1)2) ( [ /2]){ o1 (s+a1 2 P( [ /2])
n-1g4(—1)"a d noyd n=lg4+(=1)a d 1
+ Ty ( ) 2 5 exp(—2s7[(n_j)/2])+T01 ( ) 2 3
=1 s+a, (s+ay) -1 STa (s +a)
n-li—1 (s+(—1)ia2)(s+(—1)’+1a2) d -yl
cexp (=287 )+ 2 2 exp(—=2s7,_m)t+ - ) (A2)
[/2]) = /o1 (S+dl)2 (s+a)2 ( I ])/2])
where
- 4vy,
=did,=— (A3)
C4q
l"' _(—1)1;1 Jj+1 j+1
Ty = (71+72)+——4——[(1~(—1) )+ (14 (=1)7") (A4)
Tla-p/2+ (-2 = Ta-n/2 T -2 : (AS)

and [i /2] means taking the integers part of i/2. The terms in (Al) will be zero if their upper limit m —1 of the
summations are equal to or less than zero.

When the magnitudes of the reflection coefficients are not very large, sufficient accuracy is achieved using (Al) and
(A2) with only those terms corresponding to one, two, and three reflections.

For a step function input

Vin=VincU (1)

_ /L t=0
U(t) B {O, otherwise

the transient response waveforms of the reflected and transmitted signals on the line have the following expressions,
respectively:

n—1

P(2n _2, X[n/2])

d
Ve(t) = lno{F01U(t)_To1T10lFo1(;5

-l

d 2n—2
5?) P(4n—4,xp, 2)

Aa,, 3
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el g\t Aa
+T5 X (;) (P(z(’”J')_4’x[n/21+[//21)“a—ljp(2("+J')‘3’x[n/21+[1/21))
/=1 1

n—1 d 2n—i1—2
1

. Aat+1 .
P(2(2n—i)-4, x[,,/Z]H(n_,)/z]) T4 P(2(2n—i)-3, x[(n-—z)/2]+[n/2])
=1

P(2(n +j—i)—4, ‘x[n/2]+[(_/'—l)/2])

n=1 n— d\"timi2
T Y z( )

=1 =1+1 af
Aa, ,+Aa Aa, Aa
] . . +1 J . .
T P(z(”+J")‘3’x[n/2]+[(/—z)/21)+"‘“—az P(2n+ j=i) =2, % s -ny2)
1 1

n—1 d n+m-—2
Y ()

Aa,
P(2(n+m) =4, %1, o1 1m/a) — — P(2(n+m=2)+1, X 214 n/21)
1 1

n—1 m—1

d n+m—1-2
+Ty 2 X (‘2) (P(z(n+m—i)_4’x[(n—t)/2]+[m/2])
aj

m=2 =1
Aa, . +Aa, ) Aa,  Aa, .
_—;—_P(z(n+m_l)—3’x[(n/l)/2]+[m/2])+ P P(2(n+m—z)—2,x[(,,g,)/2]+[m/2])
L i
n—1n-1 d mt =2
+T Y X ( ) (P(2(m+j)“4’x[1/21+[m/21)
m=1j=1
Aa,+ Aa,, , Aa/Aa,, .
- T—P@(m + ) =3, X0, 2y ) F 'T—P(Z(m + /) =2 X0 4 g
1 1

Aa, +Aa,+Aa,.,

+X X X

n—1m—-1 n-1 m+j—1-2
("_2) (P(z(m"'j_i)_4’x[(;—z>/21+[m/2])’

m=2i=1=:1+1\% a;
o Aa,Aa, ,+Aa,Aa, + Aa, Aa o
P(z(m+J")_3’x[(1vz)/21+[m/21)+ a2 ’ ’P(2(m+]—z)-2,x[0_,)/2]+[,,,/2])
AamAaz+1Aa . .
s LP(2m+ j=1) =1, X, a1 im ) (A6)

and

(n—=1)/2 n=1( 4 [B(n~-1)—-2y1/2
Ve(t) = moTOITIO<(?) P( —Loxp, oy )+T01 Z ( 12) (P(3”_2(j+1)_1=X[(n—])/2]+[n/2]')
1

a d \3=D/2
+1 ,
— ajl P(3n"‘2(]+1), X[(n,j)/2]+[n/2]/) +r()21 —a_lz) P(3(n_1),X[n/2]+[n/2]/)
no1 [n+20-D-1)/2 Aa,
+ Ty Z (?) (P(” +2(i’1)_1ax[z/2]+[n/2]')_ —a?P(" +2(i_1)’x[1/2]+[n/2]')
=1 1
n=11-1/( g \[n+20—7=1-1/2
+ X (‘E) (P(”+7~(”“J“l)_l’x[(:—/)/zmn/z]')
=2 ,=1\%
Aa,+ Aa, o
- a; ’ P(n+2(l_J_l)’x[('“J)/2]+["/2]')

AaAa, 4 o
* az—’+ P(n+2(l_J_1)+1’x[(’"])/2]+["/2]'))} (A7)
1
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where P(n, x) is the incomplete gamma function
n-=1 yk

k—o k!

P(n,x)= foxt""le_’dt=l—e_"

1
(n—1)
P(0,x) =1
Xi-pm=a1(t =27_))
Xy = ar(t = 7)
Xiy2+im/ = 4 [f =27t T{m/u)]
X(a—p/2+in/2 = 91 [’ = Q2mepmt T[n/zl)]
and

Aa,=a,—(-1)a,.

For the case of a ramp input

Via(1) = == [1U(1) = (e = £,)U(1 = 1,)]

ino
t

r

961

(A8)
(A9)
(A10)
(A1)
(A12)
(A13)

(A14)

where U(t) is a step function, and ¢, is the rise time of the ramp step input. The corresponding transient responses for
the reflected and transmitted signals of a capacitively-loaded transmission line will have similar forms to (A6) and (A7),
except that the step function and the incomplete gamma function P(n,s) are replaced by the ramp function and a

function R,,(n, x), respectively, as follows:

2
t, al

20 =Vm{£t°—‘[ru<r>—<t— (U= 1,)] - 20 [r(—‘i) R, (2n-2.%,/2)

d

2
a;
-1

Lol S

a

m=1

+(F01)3(
n d

aj

5 n+ -2 . Aa/ '
+(Ty) Y= Rtr(2(n+.])—4’x[n/2]+[//2])—a—lRtr(z(n+])—3’x["/2]+[j/2])
=1

Aal+1

2,,_1 d 2n—1-2
+(T01) Z (;i (Rzr(2(2" - i)_4, x[n/2]+[(n—t)/2]) -
=1 1

m—1 n-—1 d nt+g—1—2
Ty Y X —2) (Rtr(z('”fJ'—")“4»x[n/21+[</~n/21)

i=1 y=1+1 a;
Aa,.,+Aa; Aa,, Aa
1 J . . 1 7] . .
- P Rtr(z("+J")_3,x[n/2]+[(j—z)/2])+ p R,,(Z(n+]—1)-2,x[,,/2]+[(1_,)/2])
1 1

n—1 n+m-2 Aa
2
+(Ty)" X (a_lz) (Rtr(Z("+m)—4’x[<n+m>/21+[m/21)_
m=1

n—1 m—1 n+m—1-2
+Ty X X (—) (Rn(z("+m“i)“4»x[<n—z>/2]+[m/21)

m=2 1=1 af
Aa,,,+Aa, Aa,,,Aa,,
T e i
n=lan-=1( g\m+i=2 Aa, +Aa
+T 2 2 (—) (Rtr(2(m+J')“4’x[//21+[m/21)"—i—_m

2
m=1,=1\%1

2n—-2 n—1 d m-—1 Aam
) Rtr(4n—4’2x[n/2])+ Z (“) (Rtr(zm—2’x[m/2])__;Rtr(zm_l’x[m/l]))

——Rtr(2(2n —1i)=3, x[(n—i)/2]+[n/2]))

|

—a‘"iRn(z(" +m) =3, X[m/21+[n/21))
1

R, (2(m+ j)-3, xu/21+[m/21)

R,,(Z(n +m—i)-3, x[(,,_,.)/2]+[,,,/2])+ ———az—Rtr(2(” +m—i)-2, ‘x[(n—l)/2]+[m/2]))



962 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. MTT-34, NO. 9, SEPTEMBER 1986

Aa Aa,

t— R, (2(m+ j) =2, %, sy 1my)
1

n=1m—=1 n=1 ( g\m+ts-t=2
LYY Y (—)
m=2 1=1 ;=141 a;

Aa,, +Aa, +Aa,,,

AR, (2(m+ j=i) =4, X, 11 myar) — R, (20m+ j=i)=3,%X, 0 a1 (my21)

a,
Aa,Aa, .+ Aa,da +Aa,, Ag,
+

(12 Rtr(z(m+j_i)hz’x[(j—t)/zﬁ'[m/z])
1

Aa,Aa,, Aa,

3 Rzr(2(m+j“i)—lax[(;—z)ﬂ]ﬂmﬁ])”}
1

(A15)
and

d (n~1)/2
) R,,(?a(n—1),X[n/z]+[n/2]')

V}.no
Vp(t) = _t__TIOTOI 2

n-1)/2
r 1 )

2
Rtr(n ‘Lx[n/z]')"‘(rm) (;-2
1

n=1( g \Br-D=2/12
+To 2 (;) (Rzr(3"—2(1+1)—1’x[(nw)/21+[n/21')
J=1 1

;i n=1( g \l"+26-D-1),2
h a Rtr(3n_2(j+1),X[(n_j)/2]+[n/2],) +r01 Z (:1_2) (Rtr(n +2(i_1)—1,x[i/2]+[n/2]1)
1 =1 1
Aa n=1:-1( g \[r+2-=-D=11/2
___'R,,(n+2(i—1),x[,./2]+[n/2],) +Y ¥ _2)
al 1=2 =1 a,
o Aa,+Aa, ., o
.[R"(n A=)~ Xy stnar) - —aj__R”(n T2 = j = 1), X4 men 1)
1

AaAa, o
-+ -———‘12—J+Rtr(n +2(1_]_1)+1, x[(l*j)/2]+[n/2]’)J} (A16)
i
where
1 n
R, (n,x)=—(xP(n,x)—x,P(n,x,))— —(P(n+1,x)—- P(n+1,x,)) (A17)
4 a,
and
R,.(0 ol 2Tyl U( U Al8
yx)=—Ul—|-—Ul—|=tU(t)-(t—¢,)U(t 1,
A0.3) = 0 = |- Ul = () (= 1)U ) (A18)
where
X, =x—ayl,. (A19)

The formulas analyzing the transient responses of the periodic structure loaded capacitively are useful not only to

signal lines, but also to coupled lines.

APPENDIX B
APPROACH OF DETERMINING THE EQUIVALENT
PARAMETERS OF THE COUPLED STRIPLINES
WITH CROSSING STRIPS

For a pair of ordinary TEM coupled lines with the
configuration shown in Fig. 15, the self-capacitances C,;
and C,, of each line in the coupled lines, and the mutual-
capacitance C;, between two lines can be obtained [12]

Ci=Cly+Cyp+Cypy
Cp=Ch+Cyy+Cyy

where Cy and CJ, (i=1,2) include the corresponding
fringing capacitances.
Assuming Cj, = C,,, the odd- and even-mode capaci-
tances can be derived [16] from the capacitances C;; and
Ci
Cio=Cp+Cpy
C.=Cy —Cpa.

The odd- and even-mode characteristic admittances are
Ylo = U1o° €0€rC10

Yle = Dyef0€ rcle
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where ¢ is the permittivity of the free space, and e, is the
relative dielectric constant of the medium filled in the
coupled lines.

Since the coupled lines are TEM mode lines, the phase
velocities v,, and v, of the odd- and even-mode are the
same and equal to the velocity of the light in a homoge-
neous medium with a dielectric constant e,

Uy
=y = —_—,
o le \/Z
The presence of crossing strips will only cause the varia-
tion of the odd- and even-mode capacitances of the cou-
- pled lines, it will not affect the corresponding odd- and
even-mode inductances L, . [1]. Using subscript 2 to

denote the parameters associated with the line sections
containing the crossing strips, we have

Llo = L20 and Lle = LZe' (Bl)

The odd- and even-mode capacitance C,, and C,, of the
line sections with the crossing strips can be developed as
before, but at present the upper ground plane is the
crossing strip conductor instead of the original ground
plane as illustrated in Fig. 16.

The phase velocities v, . and the capacitances C,, . and

10,€
inductances L,, . have the following relation:
' 1

v =
lo,e [ C
\/;"() 1o.¢ €0€/ lo,e

and
1

‘/I“OLZO,e' €Oerc‘zo,e

v2o,e

Making use of (B1), we obtain

963

___l__.
hot h: [0 .-C
2 3_‘- %_ 0,& 103/23

h{ TCo0er2

Fig. 18,
LLLLLLLLY,
A
o ahg 1

10e "Of -
;hZ'hl
Fig. 19
and
Y20,e = UZo,eCZO,e = ao,evlo,eclo,e = ao,eYlo,e'

Now, we discuss the procedure for estimating the dis-
continuity capacitances in the above lines. Assuming s, =
h,, the line sections with subscript 2 can be approximated
as symmetric stripline sections whose center conductors
are at the middle between two ground planes. This kind of
stripline section can be equated to a pair of ideal parallel-
plate lines having an equivalent width D as shown in Fig.
17. The equivalent width D is determined as follows:

_ Ver Czo,e

2o 120

Let

we obtain

The line sections with subscript 1 are treated in a similar
way, employing the equivalence given in Fig. 18. Assuming
that the ideal parallel-plate line sections have the same
equivalent width D as the line sections with subscript 2,
we see that the height of the lower parallel-plate line is still
equal to A,, but the height of the upper parallel-plate line
is h, instead of (h,+ hs), where h, can be determined by
making the capacitance (Cy, . — C,, . /2) of the upper part

. of the stripline equal to the capacitance D/h of the upper

ideal parallel-plate line

hy= D

Since the discontinuity between the two kinds of strip-
lines with subscript 1 and 2 is only present in the upper
parts of the striplines, the corresponding discontinuity
capacitances C,, . may be derived in terms of upper equiv-
alent parallel-plate lines with heights %, and 4,. Refercing
to Fig. 19 and 18, the admittance Y{; . on the left side in
Fig. 19 becomes

V¢ = \/g(clo,e_CZO,e/z)
tore ™ 1207 ’
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The difference Ak, of the heights for both sides is

Ahy=hy— = —2— S, B2
0o~ 0 1= Cl - C2/2 1 ( )
Substituting (B2) into (25b), we obtain
Ah ¢ —-C
0 2 . (B3)

Yo,e=m= G,

Actually, (B3) is exactly the same as (31) if we substitute
(32) into (31). Finally, making use of (25), we find the
discontinuity capcitances Cy, .
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